Short Note on Geometrical Engineering and

Topological String

Jiashen Chen

2026 £ 4 B 15 H

Jiashen Chen Geometrical Engineering& Topological String 2026 f£4 A 15 H



Table Of Contents |

0 Geometric Engineering of 4d N = 2 theories

@ Symmetry from Geometry

0C?/Gx T?

@ C?/Z; x P*
@ Hypermultiplet, Seiberg-Witten Curve
@ Topological Strings and the Engineering

© Nekrasov Instanton Partition and Topological Strings
@ Nekrasov's Conjecture

o Evidence for the conjecture

© Checking Nekrasov's conjecture
@ Toric diagram and topological string amplitudes

@ Local Hirzebruch surface and five dimensional gauge theory
@ Hirzebruch surface and Topological Amplitude

@ Nekrasov Conjecture for 5d theory

Jiashen Chen Geometrical Engineering& Topological String 2026 f£4 A 15 H



Table Of Contents Il

@ Adding matter and Blow up
@ The SU(N) case

@ A Short Note on The Refined Topological String
@ Refined Holomorphic Anomaly Equation

@ Refined Topological Vertex

© Topological String and 4d NV = 1 theories
@ Breaking to N/ =1 with branes
@ Breaking to N' = 1 with fluxes

@ Geometric Transition of branes and fluxes

Jiashen Chen Geometrical Engineering& Topological String 2026 f£4 A 15 H



Geometric Engineering of 4d N = 2 theories

In this section we show that how geometric engineering of 4d N =2
theory works in general, to sum up in one sentence: geometric engineering
is the top to bottom construction of gauge theories. To be detailed, we
first have a string theory or M theory in 10/11 dimensions, then we change
the internal manifold to change the low dimensional theory's property.
Historically this is regarded as string compactification, but since
compactness is not necessarily required (as if we need to throw gravity
away while preserving supersymmetry, a non-compact Calabi-Yau is
needed), a general name of geometric engineering is better.
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Symmetry from Geometry

We can do the engineering dimension by dimension, first on a 4d
Calabi-Yau, which is generally a K3 surface. However, since we dislike
compactness at the moment, we choose the ALE space which locally
describes the singularity, globally noncompact, and still Calab-Yau, to be
our choice.

The ALE space is generally (where G is a finite subgroup of SU(2) which
preserves the holomorphic 2-form which ensures this is a Calabi-Yau)

C?/G +  resolution (1)

which the resolution stand for resolving the orbifold singularity, which
replace the singularity by some P! = S2, this depends on the discrete
group.
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Symmetry from Geometry

For G = Z, as a example, one use n — 1 such P! (denoted

Gj,j=1,---,n—1) and they are nontrivially intersected
GNG=-2
GNG=1 ifli—j|=1
GNnG=0 ifli—jl>1 (2)

which is beautifully related to the Cartan matrix (also, Dynkin diagram) of
An—1 = su(n), as a realization of the McKay correspondence.

Moreover, all simple laced Lie algebra (A,D,E) can be so constructed, for
D,_1 = so(2n — 2) it is by (the double cover of) dihedral(2) group of n
elements, and Eg, E7, Eg by (the double cover of) tetrahedral(4),
octahedral(8) and dodecahedral(12) group.
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Symmetry from Geometry

Then we do the compactification on a Riemann surface ¥z to reduce the
dimension to 4, the general statement is the number of adjoint
hypermultiplets equals to the genus

#(4d adjoint hypermultiplets) = g (3)

the origin of these hypermultiplets can be roughly understood by starting
with the gauge theory in d = 6 and compactifying it on ¥, since
Hi(Xg,Z) = 728, we get 2g complex scalars from one 6d vector, which is
in the 4d hypermultiplet in adjoint representation.
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C?/G x T?

For T2 is a Calabi-Yau, the 6d A = 2 reduce to 4d A/ = 4 in this moment,

there's also
vol(T?) = - (@)
Eym
where the T-duality of the torus becomes Montonen-Olive duality in 4d
N =4 SYM.
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Which is the case that we care the most, since the result is the
Seiberg-Witten theory without hypermultiplets. This model is also known
as the local P! x P!, we have two Kihler parameter tp, t¢ here, one of

which is identified to the mass of W bosons and the other to Yang-Mills
coupling

my = tf
ty = 1/gym (5)
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And one obvious but important thing is, for generic value of g%,M and fibre
moduli, the string theory on such background has more information then
the gauge theory, only when the field theory limit

tr >0, tp—>00, tp=—logtr (6)

the string theory goes back to the field theory. This limit sends the string
scale to infinity. If we do not take this decoupling limit , we get a theory
which includes information about compactification on S* from five to four
dimensions, 4d instantons are 5d loop-running particles in this aspect.
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Hypermultiplet, Seiberg-Witten Curve

We have already know the adjoint hypermultiplet, but what about matter
in other representations, especially the fundamental representation of the
gauge group? These are singularity enhancement of the fibre[12], for
example the singularity is enhanced from A,_1 to A, at one point, this
means locally the "gauge group” is SU(n + 1) instead of SU(n), however,
this suffers a symmetry breaking which makes it to SU(n) x U(1), which is
recognized as a matter with charge localized to a point of the base ¥,.
Obviously, the breaking pattern of such enhanced "gauge symmetry”
determines the representation of the matter hypermultiplet.

This leads to two result, the first is that this singularity enhancement
equals to a blow up of the fibre, so the number of blow up we take is the
number of matters. The next is that the localized matter can be viewed as
a puncture, so X, , also means n matters.
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Hypermultiplet, Seiberg-Witten Curve

Breaking Patterns Lie Group Representations
An = An—k X Ak—1 | SU(k) x SU(n—k+1)x U(1) | (k,n—k+1)
D, — Dp_1 50(2n—2) x SO(2) 2n —2

D, — An_1 SU(n) x U(1) n(n—-1)/2

Dp— Dp—y x Ar—1 | SO(2n—2r) x SU(r) x U(1) (2n — 2r,r)
(1,r(r—1)/2)

Es — Ds SO(10) x U(1) 16
E6 — A5 5U(6) X U(].) 20
E; = Ds S0(12) x UQL) 32
E7 — E6 E6 X U(l) 27
E; — A SU(7) % U(1) 3507
E8 — E7 E7 X U(l) 56
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Hypermultiplet, Seiberg-Witten Curve

This leads to two results, the first is that this singularity enhancement
equals to a blow up of the fibre, so the number of blow up we take is the
number of matters. The next is that the localized matter can be viewed as
a puncture, so X, , also means n matters.

Moreover, it is proved that for local mirror symmetry models, the mirror
curve pf the Calabi-Yau is equivalent to the Seiberg-Witten curve from
engineered Seiberg-Witten model. So another understanding is that blow
up the local Calabi-Yau changes the mirror curve and the Seiberg-Witten
curve, making it from Ny =0 to Nr = 1.
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Topological Strings and the Engineering

The topological string computes particular F-terms in the effective action
which involve the vector multiplets. These terms can be written
conveniently in terms of the N' = 2 Weyl multiplet, which is a chiral
superfield W,3 with lowest component F,s (which is the graviphoton field

Fuv = Fap(1)°% (1)5 + Fi5(1)3(7)77). For combining

W2 = W W, e (7)
and the term is written as, where X! are the vector superfields

/ d*x / d*0F (X" (W?)e (8)
where the physical and topological strings connected by

(Fg(XI))phys = (Fg)top (9)
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Topological Strings and the Engineering

expanding this in components result

/ d*xFg(X")(R?F?%72) (10)

which is the gravitational correction to amplitude of graviphotons,
Gopakumar and Vafa integrated this out by introducing the M-theory (or

5d) description by the Schwinger method, where the Gopakumar-Vafa
invariants appears.
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Topological Strings and the Engineering

Since topological string is necessarily defined merely on the Calabi-Yau
threefold and the 4d gauge theory is defined by geometric engineered from
a Calabi-Yau threefold, the natural question is how these two theories
connect to each other. Thanks to Nekrasov's contribution to the
nonperturbative effects of the gauge theory side and lots of tricks we can
apply to the topological string side, enables studies to reveal the
connections of these two theories.
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Nekrasov's Conjecture

We have already know Nekrasov's Instanton Partition function[1][2], which
is a sum that encodes the G x T? equivariant cohomology of the moduli
space M

o o
Z(a,61,62;<;l)=1+§:q"Zk=§:qk?{~ 1 (11)
k=1 k=1 M

generally it depends on a function F"t(a, ¢1, €2; q) that is analytic in
€1,€2 N€ar €1 = €2 = 0

inst .
Z(a7 €1, €2; q) = exp <]: (37 €1, €2, q)> (12)

€1€2
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Nekrasov's Conjecture

theres also the expression for Z in the case ¢; = —ep = h for G = SU(N)

. Rk — ko —
Zah g =Ygt [ ML=
P (L)#n) 2+ hG =)

where aj, = a; — a, and it sums over partitions

K[ =" ki, (14)
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Nekrasov's Conjecture

there's also the generalization to Seiberg-Witten theory that contains
matter with N¢ flavors, which the partition function is

Z(a,m,e1,€2;q) = qu 7{/\;{ Eugy 2y (V @ M) (15)
k k

where M = C"r is the flavor space and m = (my, -, mp,) are the

masses, Eug, 125 y(n,) denotes the equivariant Euler class. Which is
integrated as

|E| Ny a/+mf + 1+ kl — )
Z(a,m,e1,€2;,q) = Z (CIth) H H a,+mf +1 : h)
= -1 i N

K (Liyf
ap +Nkyi—knj+j—1i
< I = a( I+h(j1i) ) (o)
(Li)#£(nJ) In
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Nekrasov's Conjecture

Nekrasov noticed when €; = —ep = A, the partition function (with or
without matter) can be expanded as a genus expansion form

1 o
—log Z(a, h,~h) = -5 F(a,h,~h) = > &2 F,(a) (17)
g=0

since the right hand side coincides the genus expansion of free energy in
topological string, Nekrasov conjectured these genus expansions captures
the R?F28~2 graviphoton coupling in the 4d effective action, which the
topological string does in A model.
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Nekrasov's Conjecture

In short, Nekrasov conjectured the instanton partition function he gives
coincidence with the topological string partition function at a specified
limit, which is denoted as the field theory limit in the topological string
perspective. It is already proved that for the thermodynamics limit where
€1,€2 — 0, the function F(a, €1, €3) recovers the instanton part of
prepotential, which is supposed to be the Fy of the topological string
theory.
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Evidence for the conjecture

Historically, the evidence for the conjecture didn’t come late after
Nekrasov proposed it. The work of A.lgbal and A.K.Kashani-Poor [3][4],
they first showed this identification of Nekrasov partition function and
Topological String partition function at SU(2), where the classic version of
Seiberg-Witten theory lies, later extend their result to general SU(N)
gauge groups. Although there is no such proof of the equivalence with
mathematical rigorous, this identification is adequate for physics.

We shall go over their check of Nekrasov's conjecture in next section,
following the paper of T.Eguchi and H.Kanno [8], where they proved the
general agreement of this conjecture for SU(2) case (note that [3][4] only
done this for the field theory limit).
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Evidence for the conjecture

The main tool is the geometric transition between Chern-Simons theory
and topological string amplitudes (topological vertex), they used
Chern-Simons invariants to describe the topological amplitudes for
partition function and used various calculations to manifest its agreement
with Nekrasov partition function.

As the TypellA side, when looking in M-theory perspective, also has a 5d
version after compactification on a Calabi-Yau threefold, Nekrasov also has
a similar Instanton partiton function proposal

2= Y ] ﬁ sinh R (agm + h(piei — pimyj +J — 1))

Cr,+lry=k £,me{1,2} i j=1 sinh R (agm + h(j — 7))

(18)
where R denotes the circle where 5d greater then 4d, it is easy to see that
this goes back to the 4d partition function when R — 0.
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Usage of the conjecture

The identification of the Nekrasov partition function and the topological
string partition function is quite useful, since it gives us the topological
string perspective to study field theories and vice versa.

For example if we want to study the topological string on dP,, we have 2
methods: 1.We can write down the toric diagram of it and do a great
many topological vertex calculations. 2.We can simply get the

SU(2) Nf = 3 Nekrasov partition function, using it to fix the holomorphic
ambiguity from solving the HAE.
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Toric diagram and topological string amplitudes

For Simplicity, in follow subsections we shall show the check of Nekrasov
conjecture for SU(2) for particularly Fo = P* x P!, we shall note the
general statement in the end of the section.

For some toric rational surfaces S (e.g P2, Fg, F,), the canonical line
bundle Ks over S is a non-compact Calabi-Yau manifold, which we usually
called "local S”. We will compute topological closed strings amplitudes on
Ks.

We first note on toric diagrams. In general toric diagrams describe
patterns of degeneration of the torus action. For a toric rational surface S,
the diagram is made of a polygon with vertices and external lines. Along
the edges of the polygon an S! action degenerates, and on vertices, T2
degenerates. Our notation is to assign the i-th edge a representation R;
and Kahler parameter t; (for trivial rep, denote as e).
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Toric diagram and topological string amplitudes

H-H=+1 LB-B=—-1,F-F=0

[&]: Toric diagram of P? and F!
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Toric diagram and topological string amplitudes

For Young diagram notations of xR (1 > pio > -+ > pg > pig41 = 0),we
define depth

d = d(uF) (19)
as the number of rows, the total number of box by
d
ER = Z,uj (20)
j=1
and an integer kg by
d W d
kr=23 Y (k—j)=tr+ Y milui —2)) (21)
j=1 k=1 J=1
the Casimir of R is now
Cr = kpr + Nlg (22)
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Toric diagram and topological string amplitudes

Based on the theory of topological vertex, the universal formula for
topological closed string amplitude compactified on local Calabi-Yau
manifolds K is

() = E — N tilg,
Ztop str — Wryra WRiR, - - WRy Ry " € >im tilR,
Ri-Ry

X(_]_)Zﬁvzl ’YI'ZR,q% ZlNzl VitkR; (23)

where q = exp(27i/(N + k)) and Wg.g, is the Chern-Simons invariant of

the Hopf link (with the standard framing) in S3 carring representation R;,

the " propagator” for the i-internal line is given by e %" This is obtained
by going along all the edges of the polygon.
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Toric diagram and topological string amplitudes

The Chern-Simons invariant of the Hopf link is related to the topological
vertex

_1
C07R27R3t = Wr,r,q 217y (24)

where R* denotes the conjugate representation obtained by exchanging
row and columns of the Young diagram, according to the symmetry of the
vertex

CRy,Ry,Rs = CRy,Rs,RL = CRy,Ry, Ry (25)

and the conjugation property
s~
CRi,RoRs = G2 2. R CRﬂth.,th (26)
this implies

1 1
5K _ 5K —
Wrir, = q2"% C, gy rt = G271 C g, rt = WR,R, (27)
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Hirzebruch surface and Topological Amplitude

We introduce the Hirzebruch surface F,, now, which generally is a P! fibre

over a P! base. The Ha(FF,,Z) is spanned by the two cycles B and F, and
the intersection numbers are

B-B=-m F-F=0 B-F=1 (28)

it is worth noting that different m gives the 4d gauge theory with a
different theta term

B
B
F F F F
B B+2F
B-B=0,F-F=0 B B=-2,F-F=0

[&]: Toric diagram of Fy and [,
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Hirzebruch surface and Topological Amplitude

the general topological string amplitude for F,,(m =0,1,2) is

Frm —tr-(Lr, +4 R, )—te-(Lr,+L
Zt(0p )str = Z Wr,r, Wr, R, Wr, R WriR, - € (LR Ry +mlR, ) —tp-(CRy+LR,)
Ri---Ra

x (—1)Mry—try) g 3 (R, —riRy)
(29)

where tg and tg are the Kahler parameters of B and F, introducing
Krir,(Q) == Z Q" Whr,s(q) Wsr,(q) (30)

S
and the amplitude can be written as
25 = 3 (K (@F) - Q5 T QP - (1)) B om )
RiR>

(31)
where Qg := e 8,QF := e~ tF.
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Hirzebruch surface and Topological Amplitude

We introduce the Hirzebruch surface F,, now, which generally is a P! fibre

over a P! base. The Ha(FF,,Z) is spanned by the two cycles B and F, and
the intersection numbers are

B-B=-m F-F=0 B-F=1 (32)

it is worth noting that different m gives the 4d gauge theory with a
different theta term

B
B
F F F F
B B+2F
B-B=0,F-F=0 B B=-2,F-F=0

[&]: Toric diagram of Fy and [,
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Hirzebruch surface and Topological Amplitude

the general topological string amplitude for F,,(m =0,1,2) is

Frm —tr-(Lr, +4 R, )—te-(Lr,+L
Zt(0p )str = Z Wr,r, Wr, R, Wr, R WriR, - € (LR Ry +mlR, ) —tp-(CRy+LR,)
Ri---Ra

x (—1)Mry—try) g 3 (R, —riRy)
(33)

where tg and tg are the Kahler parameters of B and F, introducing
Krir,(Q) == Z Q" Whr,s(q) Wsr,(q) (34)

S
and the amplitude can be written as
25 = 3 (K (@F) - Q5 T QP - (1)) B om )
RiR>

(35)
where Qg ;= e 8 ,QF := e~ tF
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Hirzebruch surface and Topological Amplitude

Igbal and Kashani-Poor have proposed the following proposition

Krura(Q) = W, ()W, (q) exp (Z fRR(‘”o) (36)

n=1
here the function fg, g, is given by (recall that
X i=q% —q 2 [x]x = Aig2 —A"Zq3)
fR1R2(q) = WEzl(q) + le(CI) + fRz( )+ le( )fRz(q) I:l_2(q)

d i ) d
fr(q) =) > "' =
i=1 k=1 i=1
_1_
Wola) = = g1 (37)

for following discussions it is convenient to introduce the expansion
coefficients Cx(R1, R2) by

frir,(q) = fr (q) + fr,(q) + (4 + g " = 2)fr () fry(a) = Y _ Cil(R1, R2)q

Jiashen Chen
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Hirzebruch surface and Topological Amplitude

Also Igbal and Kashani-Poor have proved such relation

o
> C(Ri,Re) = R, + (3'Ry (39)
K
° 1
Z ka(Rla R2) = E(KJR’l + ’iRz) (40)
k
o
11 1 _ ﬁ sinh R (2a + h(p1; — poj +J — 1))
- sinh R(2a + fik ) Ck(R1R3) it sinhR(2a+ h(j — 1))
(41)
also there is a relation expressing Kg,g, in Cx(R1, R2)
> Wz(q") —C(R1,R2)
Krir, (@) = Wr, (q) Wg,(q) exp (2:1 %Q” 1:[ (1 — g Q)
n=
(42)
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Nekrasov Conjecture for 5d theory

We now would like to show the equality of Nekrasov’ s formula for five
dimensional gauge theory on R* x S! and all genus topological string
amplitude for local toric Calabi-Yau manifold. More precisely, we prove
that the instanton expansion of the partition function of the pure SU(2)
gauge theory on R* x S is exactly the same as the expansion of all genus
topological string amplitude for local Hirzebruch surface Fo = P! x P!
where the expansion parameter of topological string is an appropriate
combination of the Kahler parameter of Fy. Then after doing the limit
reducing 5d to 4d, the desired relation is proven.

One subtlety is that only for Fg we can prove this relation at 5d, for similar
IF1 or [F, this does not prevail due to the presence of the framing factor
coming from non-trivial self-intersection of the base B and the fibre F.
However, they all agrees at 4d limit of the 5d theory, preserving the
Nekrasov's conjecture.
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Nekrasov Conjecture for 5d theory

According to Nekrasov we introduce a pair of representations of U(N)
denoted as Ry, Ry in the case of SU(2) gauge theory. Denoting Young
tableaux as 1, the row sequences are

He1 > e 2 > > /'LZ,d(MRZ) > 'u’f,d(uRf)—i-l =0 (43)

and the Nekrasov conjecture for the k-instanton contribution to the
partition function is given by

Z}gso) _ Z H ﬁ sinh R (agm + (i — pimj +J — 1))

Cgy +ery=k £,me{1,2} ij=1 sinh R (agm + h(j — 7))

(44)
where ay m = a; — am and we have identified the parameter R with the
radius of S, for SU(2) we have aj» = —ap; = 2a, the partition function is

decomposed into two factors, ZIESD’l) with ¢ = m and Z,S5D’2) with £ # m.
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Nekrasov Conjecture for 5d theory

These two can be simplified respectively

215501 H Hsmh RA(pre,i — poj +j — 1)

=12k sinh RR(j — i)

. 2 . .
(=12 1<i<j<oo sinh® RA(j — /)

Z502) _ ﬁ sinh? R (2a + h(p1,i — paj +J — 1))

sinh? R (2a + h(j — i)) (46)

ij=1
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Nekrasov Conjecture for 5d theory

On another side, the partition function of topological string is

Y4 4 ml _
Zt(op str = EXP (Z WE2| QF) Z Q Ry R, Q Rz( )m(éR2 lRy)
R1,R>

M K _2Ck(R17Rt)
X q 2( Ryt RQ)WI%I(Q) ngg(q) H <]- - quF> ’ (47)
k

where the factor Wg(q) is the quantum dimension of the representation R
or the knot invariant for an unknot in S3 with the representation R, note
although the replacement of R — R® is made, since it sums over all
representations R», this do not affect the result

WR(Q):diqu:qNTR H & [7J+J I]HH[k—l+d]

1<i<j<d i=1 k=1

S| i = i +J— 1]

=1 4
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Nekrasov Conjecture for 5d theory

Also

ot sinh 21 ( pj+j—i)
Wr(g)* =272 R/2H smh Bh(JJ—/) )

i
we note the relation
_kR
Wri(q) = g~ 2 Wr(q) (50)

We can now connect the two partitions (47) and (44), note that the first
factor of (47) gives the perturbative one-loop contribution to the
prepotential and the k-instanton part is identified as the sum of terms
obeying the condition

ﬁRl +£R2 =k (51)

as in the Nekrasov formula. We first identify the parameters as

q= €_2Rh, QF — e—4Ra (52)

Jiashen Chen Geometrical Engineering& Topological String 2026 % 4 B 15 H 40 /77



Nekrasov Conjecture for 5d theory

Another important identity is

—2C(R1,RE
H <]. — quF> k(R1,R5) _ (4QF)7€R178R2 q*%(’ileﬁRg)

k
x L (53)
- [sinh R(2a + hk)]?K(RuR)

using the identities mentioned before, we can find the

1 .. e (5D,2) .
K eimh Ra O[S PR part is identitified as Z, , only when m=20

. , “Lkp —
the coefficients of Wg, and Wpr cancels with the factor g 2 (kR —rRy)

In conclusion, the topological string partition function coincides with the
Nekrasov partition function. This implies that Nekrasov’ s formula
encodes the entire information of topological string amplitudes, by taking
suitable limits we recover four dimensional Seiberg-Witten theory or its
coupling to graviphoton backgrounds.
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Adding matter and Blow up

According to the prescription of geometric engineering, matters in the
fundamental representation are obtained by blow ups. By making a blow
up at a point on the Hirzebruch surface Fy we arrive the second del Pezzor
surface dPéO), it has a cousin from blow up F»> which denoted as dPél).
Moreover, the blow up introduced a new parameter, so now we have three

parameter tr, tg, tg here.

B+F—-FE B+2F-F

B-B=—(m+1), F-F=0, B-F=+1
E-E=-1,E-F=E-B=0
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Adding matter and Blow up

The topological amplitude is given by

(dP2) _ E :
ZtOp str — WR5R1 WR1R2 e WR4R5
Ri-Rs
X e_ZRltF_£R2tB_£R3(tF_tE)_€R4tE_€R5(tB+(m+1)tF_tE)

X (—1)€R2+£R3+4R4 . (—1)’"“’*‘5_(’?2) . q_%(“R2+“R3+”R4) . q%(”Rs_’iRz) (54)
the amplitude can be divided into building blocks

Kriro(Q) =) QS Wr,s(q) Wsr,(q)
S

l V4
LR1R2(Qla Q2) = Z le1 Q252 WR151(q) W5152(q) WSsz(q)
51,52
« (71)451-5-452 q—%(fisl+f€sg) (55)
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Adding matter and Blow up

by cutting the diagram into two parts with the Kahler modulus tg

R, R
L,
S1
S R
Sa
——— —_—
IRy Iy
:

the amplitude is expressed

(sz Z Q€R1+€R2 Q,(:m+1)€R2 QEERZ(_l)(l—m)£R1+m€R2

top str —
Ri,R2

Xq_%((l_m)HRl—i_mH@)KRIRQ(QF) : LRlRQ(QFQE17 QE) (56)
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Adding matter and Blow up

It is proposed that

1
Lr r,(Q1, @2) = Wr,(q) Wr,(q) exp {Z ;Wé(q”) (L Q@)" - Qf — Qé’)}
n=1
(1= @)™ (1 ¢"Qp) 1
X H B Cr Rl,Rz)
K (1—-gk1 @)
(57)

and inserting (57)(36), one finds
S 1 n n — n n
Zigy e = exp {vavé(q ) (207 — (Qr Q)" - QE)}

% Z Q£R1+ZR2 Q (m+1)Lg, QEZRQ(—l)(l_m)ZRI+m£R2 q—%((l—m)nR1+mnR2)
R1,R>

_ Ck(R1) k Ck(RQ)
1-g"(QFQ") ™™ (1 - g* Qe
< Whawh(o [[ 1) U made)
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Adding matter and Blow up

The first factor of Zg‘(’,’ffst, is identified as the perturbative part. For the
perturbative part, if we do the identification of parameters as

QF = e *Ra Qp = ¢72R(a-m) QrQ' = e 2R(at+m) (59)
and
g=e 2R (60)
when g — 0, we have W23(q") = ——1—— — (2nhR)~2 therefore

(enhRie—nhR)

1 1
Fone loop — W Z ﬁ <2e74nRa - ef2nR(a+m) - ef2nR(afm)) (61)
n=1
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Adding matter and Blow up

we can calculate

2
o 0°F, one loop
Tone loop = 022

- _8 |og(1 _ e—4nRa) + |og(1 _ e—2nR(a+m))(1 o e—2nR(a—m)) (62)
which is
Tone loop = —8logsinh 2Ra + log sinh R(a 4+ m) + logsinh R(a — m) (63)

which gives the correct behavior of the coupling constant when R — oo

;:%:—16]a]+\a+m\+!a—m| (64)
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Adding matter and Blow up

The instanton partition also can be simplified using the relation
Ck(R"Y) = C_k(R) and by the similar calculation performed in (48)

y4 4
Z(dP2) Z ( L ) e Q2£R2+1€R1 QE%(ZR1+ZR2)q%(HR1+NR2)

top str —
fo T 8QF
x [ ] (sinh R(a + m + fk)) (Rt (sinh R(—a + m + fik)) <(R)
K
o H H sinh R (agm + A(pue,i — pimj +J — 1)) (65)

0,mef{1,2} ij=1 sinh R (agm + h(j — 1))

in the 4d limit, the last two factors are

1
R3Ur, +ry) [1 G+ m+nk)*E) (—a+ m+ hk)HFe)
1 2
k
I 2em + Blpei = pmj +J = 1)
< AL agm + h(j — i) (66)

£,me{1,2} ij=1
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Adding matter and Blow up

by the definition that Cx(R)’s generating function is

d(uR1) pa,i d(u2) Nzl
(a+m+n(—0)x [[ [[(—a+m+nrGi-i) (69
i=1l j=1 i=1l j=1

which shows that the two partition function agrees eventually.
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Short note for SU(N)

The method can also be generalized to general SU(N) case, toric diagram
is rather complicated

 B+2F_,+4F_,
E'—'z B + 2F,-_1
FN B
F,

Fit B

Fy/ B+ 2Fp+1

B + 2Fy41 + 4Fy4

[&: SU(N) Toric diagram
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Short note for SU(N)

And the bd Nekrasov instanton partition function is given

hR(am + h(pri — pni+Jj — 1))
Z(SD) — g, ++Ir sin !
Nek Z o ! H H sinhR(aj, + h(j — 1))

I,n=1ij=1
(70)

Generally, the two main identities are still used to simplify the vertex
calculation

h 5 (ui — pj +J — )
W, — 2~ 20r HR/Z sin J
R(a)° H smh Bh(j—/)

_2C R,
H <1 _ quF> k( 1 2) _ (4QF)—€R1—ZR2q—%(HRl—HRZ)

k

1

x ; 71
1:[ [sinh R(2a + hk)]ZCk(Rlsz) (71)
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Short note for SU(N)

It is proved that the partition function agrees the instanton partition
function given from geometric transition after identifying

B QB

¥ = W(QF,) (72)

HllQ,:]_[i,\,1 Q "N = odd

D(Qr) = -
H2 1 QF H,f N Q , N = even.
and taking the field theory limit
_ 1 N—m 6/\ 2N _ —Bajj+]_

Qs = (-)V (P, Q= et g0 (73)
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A Short Note on The Refined Topological String

We have mentioned that (17) when at a special limit, the standard form of
genus expansion can be obtained from Nekrasov Instanton Partition
function, as the original hint of connecting Topological Strings Partition
function and Nekrasov Instanton Partition function. However, for the
generalized version of Nekrasov Instanton Partition function (12), we also
has a similar expansion by two parameter

o0

log Z(a,e1.e2) = 3 (e1 + e2) (exe2) 1) (a) (74)
ij=0

From the relation between M theory and A model topological string
theory, the BPS state has a quantum number of

[(;,O) + 2(0,0)] ® (jL.JRr) (75)

and the number of such states are counted by n? . , for d denotes the 2

JLJR!
cycle where the M2 brane wrapped.
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A Short Note on The Refined Topological String

The BPS partition function is

ZBPS = TrHBPs(_1)2(mL+mR)qiqu;2?mRe_FJ (76)
where N
€1 — €2 €1 + €2
gL = exp(———5—) qr=exp(————) (77)

and we can give a physical definition of the refined theory
Ziop(,€1,€2) = Zpps (L, €1, €2) (78)

Still, we have two methods on refined topological string, refined topological
vertex for A model and refined holomorphic anomaly equation for B model.
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A Short Note on The Refined Topological String

This Refined version of topological string partition function has several
interesting limits

@ For €1 = —epy = igs, this becomes the usual genus expansion of
topological sting
o
> g2 2 F08)(a) (79)
g=0

@ Fore; =0,ep =h #0, only j =1 contributes. This is called the
Nekrasov-Shatashvili limit, this closely relates to integrable systems.

o If we define

a1 =g\/B = % (80)

the Alday-Gaiotto-Tachikawa conjecture claims the equivalence to
Liouville conformal field theory at central charge

c=1+6Q> Q=82+p52 (81)
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Refined Holomorphic Anomaly Equation

We first note for F(é’j), by this notation, this goes back to F, at F8),

Normally when / is an odd integer, F(34) vanishes except a trivial term
from the pertubative contributions, for most models we only need to
concern FUJ)| but for some (namely SU(2) N = 1,2,3), also F(2:0)
contributes.

The generalized HAE of refined topological string is

d-Fleve) — %E%k(DjDkF(glaEZ*U + ZIDJ./:(rl,rz)Dk/:(grrl,ngrz)) (82)

r,r
where > ,2/ denotes that (r1, ) = (0,0), (g1, &2) is not included. When
g1 = 0, this reduces to ordinary HAE.

One example of direct integration method [13] is introduced in the HAE
seminar.
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Refined Topological Vertex

We know that the topological vertex

C)\,uy = ZS)\t/ B ,u/ ( v p) Sujv = Z CLLASA(X)
A

(83)
Historically, by generalizing the 3D partition interpretation of topological
vertex, the refined version is defined[14].

UelPH1vI2 Il +1A1= |l

W)

Gunltq) = (3) 7 EFPe a0 (9)

? s,\t/n(t_pq_]

(84)
In the above expression, P, is the Macdonald function

2 ~
P,(t™";q,t)=t =2 (t,q)
Z,(t,q) = II(—PW”MWM*,aunzﬁ—neuﬁzw—j
ij)ev

(85)
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Refined Topological Vertex

One biggest difference is the refined vertex are not cyclically symmetric,
also, there are two different parameters g, t present. Since in unrefined
case that g = '8, we can think that g = e/, t = e/ now. Normally the
unrefined topological vertex gives the A model partition, which is the
generating function of GW invariants. The refined vertex gives the refined
invariants, such as Khovanov Knot invariants.

Since the cyclic symmetry disappeared, the refined topological vertex has
one preferred direction, what's the imapct? Since we can assign
Lagrangian submanifolds (D-branes) to edges of the vertex, the three
different assignment has different results.
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Refined Topological Vertex

We consider the three different vertex

Croo0s Copo, Coov (86)

It turns out that the partition function of assigning D branes to the first
two are same (x below are the eigenvalues of the holonomy matrix, this is

noted as a scalar because only one brane persists now, there are only one
nontrivial eigenvalues)

2(t.q. 0= 3 Goolt g i) = [J(1 - @72
A =1

Z(t,q,x)1= Y Couo(t 1, g Ysu(x) = [J(1 — Qg~*2) (87)
- .

But not for the third direction

00 k k
26,99 = ¥ Con(e” Las(-@) =Y () T
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Refined Topological Vertex

This give rise to the correction of the nonrefined framing factor g~ > on

preferred directions, we have

n(v)
v| n(v) ,—n(vt v t _n)
f,(t,q) == (—1)"e" Mg ) = (—1)M (q) gz (89)

which is obtained by 3d partitions, this clearly recovers the nonrefined
framing factor when g = t.

We can now move our sight to the Local P! x P! geometry, for simplicity,
we shall not go deep into details. The result is that the refined topological
vertex actually recovers the full Nekrasov partition function. For the
process of vertex calculation side is following
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Refined Topological Vertex

X

v
] s

vy

(a) (b)

Z(Qu Qs t,q) = Y (—Qu) 2 2, (10, Q) For (6:0) i (0,1) Zunn (0,1, Q),

vi,v2
lvgl12 | 1wdl? ~ ~ . ) -1
Zan(t,4,Qp) = q+++Z,,l (t,9)Z,(t. q) H (1 — QT q]”’l”) .

.7
Zinst( Q0 Qpitiq) = D QU AP UMIPZ, (2 9)Z,4(t.q) Zun(a. 1) Zy (0. 1)
v1,v2
. (1-Qt7'g)(1-Qsq™')
(1 _ Qf tzflfuzﬂqul/l,,)(l _ Qf qz—l—uldt;—uzﬂ)

ij=1
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Refined Topological Vertex

Which matches the gauge theory side

U(2 v v
ZoR ey = YA Z( 0 Q )

vy1,v2
q\ al+lve| A2 el 5 = = =
Z(v,1;Q,t,q) = (;) "7 (8, q) 2, (0, 1) Zus (8, 9) 2y (g, 1) G (1, v2, Q1 1, )
Gl Qutq) = ﬁ 1-Q¢ )1 -Qgt™)
B o1 (L= Qa9 i) (1 — Qg5 tutint)

Z,(t,a) = [J(1 =t )1 i 5) =wi =, ali,j) =vi—i

seEv
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Topological String and 4d A/ = 1 theories

We have considered the relation between topological string and N = 2
theories, now we turn to N’ = 1.

The breaking of supersymmetry from N' =2 to /' = 1 has two major
ways. The first one adds D-brane to the four uncompactified dimensions,
the second one adds flux to the six Calabi-Yau dimensions. At the
geometric transition aspect, these two ways are equivalent at some sense.
In N =1 theories, superpotential plays a even more important role, since
they determine the IR physics as the prepotential does in A/ = 2. We shall
see how topological strings compute superpotential here.
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Breaking to A/ = 1 with branes

Beginning with Typell string theory on a Calabi-Yau X, we get N' =2
supersymmetry at 4d. Then introduce N D-branes wrapping cycles in the
Calabi-Yau with fill the spacetime dimensions, we reduce the
supersymmetry to N = 1.

What's the connection between topological string on X and 4d gauge
theory? Firstly, we have open topological strings in this configuration,
once organize Fq p by

F(S) = f: Fo,nS" (90)
h=0
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Breaking to A/ = 1 with branes

It is known that the F-term of the N’ = 1 theory is also computed by the
topological string theory, which is written as

/d4 /d2 <N—|—7‘5> (91)

where S is regarded as the glueball of 4d theory, with lowest component
Tr(1a1®). Also the Yang-Mills coupling is included 7 = ;%’ + %, this
YM
totally gives the glueball superpotential,
oF

W(S) = Ngg +75 (92)

capaturing the infrared dynamics, by describing the condensation to
glueball at W'(S) = 0.
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Breaking to A/ = 1 with fluxes

We consider the TypellB superstring on Calabi-Yau X, which has the

prepotential term of
/ d*x / d*0Fo(X") (93)

If we introduce N/ units of Ramond-Ramond 3form flux on the / — th
A-cycle of the Calabi-Yau, in NV = 2 supergravity language, it turns out
that this corresponds to the #% component of X/, the F-term reads

/ d*x / d2oN' ‘;;0, (94)

for superpotential, this is interpreted [10], where the extension to include
flux 7 on the | — the B cycle is also written

w(x') = N’g;‘j + 7 X! (95)
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Geometric Transition of branes and fluxes

The two different approaches above can be related in the aspect of
geometric transition [11]. Starting with a Calabi-Yau which has a
nontrivial 2cycle, then wrap N D5-brane on this 2cycle, obtaining a U(N)
gauge theory. There is a dual geometry where the D5-branes disappear
and are replaced by a 3-cycle A, in this dual geometry there are N units of
Ramond-Ramond flux on the dual cycle B. The claim is that the physical
string theories on these two geometries are equivalent in the IR, after we
identify the glueball superfield S with the period £ over the A cycle in the
dual geometry. Of course one notice the conifold transition is a special
case.
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Geometric Transition of branes and fluxes

Take the conifold transition as an example, at the brane picture, we wrap
D5-branes on P! of the resolved conifold. The dual geometry after the
transition is the deformed conifold, which has a compact S3 and its dual B

cycle, with corresponding periods

X = /Q_t
:/Q_tlogt
B

1
Fo = §t2 logt

to compare with the gauge theory, we identify t = S, leads to the
superpotential

and the prepotential is

W(S) = NSlog S — 2mitS
by extremizing W(S), one finds the expected vacua of N'=1 SYM
S = Nexp(2rijT/N)
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Topological Strings and BPS states

One particular interesting thing is the elliptic genus of the 5d N =2
theory
Tr(—1)kRg/te=PH (100)

it is independent of the complexstructure moduli of X, although it can and
does depend continuously on the Kahler moduli. This property is

reminiscent of the A model topological string, and indeed it turns out that
the A model partition function is precisely the elliptic genus by identifying

g=¢e & (101)

Such a connection seems reasonable: after all, the A model counts
holomorphic maps, and the image of a holomorphic map is a
supersymmetric cycle on which a brane could be wrapped to give a BPS
state.
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Topological Strings and BPS states

This connection actually means that the BPS counting's dependence of
spin are similar with the topological string's dependence of worldsheet
genus. Recall what the Schwinger calculation told us, when we tried to
integrate out the charged particles (from D2 and DO branes) contribution
to the Rer correction ar self dual graviphoton background, which actually
coincides the 4d F term contribution from topological string computation

oo o

]_ _n<Q7t> 1 _n<Q’t>

" e. nF :Zf = ngs )2 (102)
‘= n(2sinh™=)2  4=n (2 sinh™)

This equivalence inspired people to express the topological string free
energy in BPS degeneracies

F(t,gs) Z Z N, (Z(2sinh%)zj*2ef”<0’t>) (103)

J>0 QeHy(X,Z) n>0

which is the Gopakumar-Vafa formalism.
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Topological Strings and BPS states

To reproduce this, one needs a 5d hypermultiplet field ¢, choosing
complex coordinates z1, z» on R*, we can write

¢ = (21, 22, 21, 22) (104)

and the BPS excitations are the ones independent of Z;

¢=> bmzz (105)

I,m>0

By expanding, we get a collection of creation operators ¢;,,. The operator
&im creates SU(2), spin | + m+ 1, so there are n of them that create spin
n and BPS mass (Q, t), and the second quantization of these operators
then accounts for the factor [[°° (1 — q"e{@)n.
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Thanks for listening!
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